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A ClUADRATIC CREMONA TRANSFORMATION DEFINED 

BY A CONIC. 




By LEONARD E. DICKSON, H. A., Follow in The University of CMoago. 

On an arbitrary conic choose four fixed points A, B, O, D. To each 
point P of the plane there corresponds a definite point i? defined by the follow- 
ing construction: Join PA and PD cutting the conic again in F and G re- 
spectively. Then R is the intersection of -fii^with CG. 

Let the equation of the base conic referred to the axes A O and BD 
have the general form Ax* +2Hxy+By* +2Gx+2Fy+ O=-0-. . .(1). 

We may express the equation of the conic in terms of its four inter- 
cepts a, b, c, d on the axes and an unknown parameter. Since the points 
A{—a, 0), B(0, b), 0(c, 0), 'D(0,— d) lie on the conic, we obtain the relations: 
Aa*-2Ga+C=0 
Bb*+2Fb+C=0 
Ac i +2Gc+C=0 
Bd- -2M+ 0=0. 
From the first and third, 2G=A(a—c); 
from the second and fourth, 2F=—B(b—d). 
Hence C=—Aae=—Bbd. Substituting in 

2H 
(1); dividing by J,and writing ^="ji 

bdx s +hhdry+acy i +bd(a—c)x+ac(d—b)y 

-abcd=0.. ■ . (2). The discriminant of (2), -^5 \ ab t c+bc*d+cd 2 a+da i b 

+bdh(a-c)(b-d)-h'b*d i }-, will be only when h= ^~- or A« ~ (a ^"H 

In the former case, tht conic (2) becomes (bx+cy— bc)(de+ay+ad)=0, repre- 
senting the straight lines AD and BO. We reject this trivial case,since to every 
point in the plane there corresponds the line BC. The quantity ab+cd—hbd 
occurs below repeatedly. 

For the case h= — , ' ,(2) becomes (fa:— ay+ab){dx—ey—cd)=0, 

representing the straight lines AB and DO. This case is not in the least trivial. 

To find the co-ordinates x x , y, of the point B, corresponding to a point 
P(x',y'). 

The equation to APis y'(x+a)=y(x' +«); that toZ>Pis x(y' +d) 
=x' (y+d). Tne coordinates of the second point of intersection F of AP with 
the conic (2) are: 

c\ bd(x'+a) s +ay'(b-d)(x' +a)-a i y' t j- 
bd{x'+a) :i +hbdy'(x'+a)+acy' i ' 

y'^ ay'(bc— cd +hbd)+bd(a+c)(x'+a) }■ 
bd(x'+a) i + hhdy'(x'+a) + acy'* 



are: 
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The co-ordinates of G, the second intersection of DP with the conic (2) 
x -I x'b d(c-a+dh)+ac(b+<l)(y'+d) [ 
bdx"* +bdkx'(y' +d) + ac(y' +d)* ' 

-b-{ d*T s + dx'(a-c)(y + d) + aclv +d)' J- 
bdx' " +bdhx' (y' +d)+ac(y' +d) t 

The equation to BF\s 

x —c ( ay'+dx'+ad)(a y'—bx' —ab) — c(ay'+dx'+ad) 

y-b ~ rf-j bx' + (hb-c)y'+ab\-\ ay'-baF^aT} = d\ bx + (Ab-c)y' +ab }■ ' 

A 

The equation to CO is 

x—c _ -j dx'—cy'—cd \- -{ b(a—dh)x'—aei/ —cuxt \- 
~y b(dx' —cy ' -cd)(cU r Tay' '+ad) 

_ b(a—dh)x'—acy'—acd _D 

~ bjdx+ay' + ad) ' S * y ~~E' 

By elimination, the co-ordinates of R are: 

_J^D-j-£^) _^^+ci?)_ 
Xy AE-BD ' y " ~ AE-BD ' 

Now AE—BD expanded gives — (ab+cd— bdh^bdx'* +acy'*+bdJix'y' 
+ abdx'+acdy); bD+cE=bx'(ab+cd—bdh); bA + cB=— cy (ab+cd— bdh). 

bcx'(dx'+ay' +ad) 



x,= 



bdx * + acy 1 * + bdhx'y +abdx' + acdy' 



bey '(dx'+ ay + ad) ,„. 
y,= bdx*'+acy*'+~"" K) ' 

x, x' 
Henec — = —r- (4), or PR always passes through 0, Pascal's 

Theorem for a hexagon inscribed in a conic. 
Solving (3) for*' and y', 

'_ adx % (— &g, — cy, + bc ^ , _ ady 1 (—bx i —cy l +bc) .,. 

bdx^+aey^ + bdhx^yj—aicyj—bcdx^ *~ bdx? + •■•(>' 

The reciprocity between P and R shown by (3) and (5) is evident 
geometrically. 

If P describes a straight line y=mx+l, the locus of R is a conic. 

Substituting the value (5) in y' =mx' +1, and dropping the subscripts 
to the co-ordinates of R, we find its locus: bdx t (l—ma)-t-dxy(ab—mac+blh) 
+aey s (l+d)—abcy(l+d)—bcdx(l—ma)*=0 (6). 

Its discriminant is — lab t c"dl(l+d)(l--ma)(ab+cd— bdh). Rejecting as 

before the trivial case h= — -r-3 — , this can be zero only if 1=0,— d, or ma. 
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Hence (6) will degenerate to a pair of straight lines iD just three cases: 

If Z=o, (6) becomes ad(y^-mx)(b,i;-¥cy—be)—0. Henee if P describes 
a straight line through 0, the locus of B is this same line, through and the 
line BO, given when Pis at as the indeterminate intersection of B'C with it- 
self. 

If l—-~d, (6) becomes — ■x\,bd'x{ma+d)+dy(mac— ab+bdh) 
—bcd(ma+ d) )- =0. The second factor gives the equation to £ie line through 
and the second intersection of y=mx—d with the base conic (2). Hence the 
transform of any line DO through D is CO and the y-axis BD, the latter be- 
ing given when P is at D as the intersection of BD with an indeterminate line 
through C. 

If I— ma, (6) becomes y\ adx(b—mc+mbh)+acy(d+m.a) 
—abc(d+ma) \-=0. The second factor gives the equation to the line through 
B and the second intersection of y=m(x+a) with the base conic (2). Hence 
the transform of any line AF through A is BF a.ad the *-axis J O, the latter 
being given when Pis at A as the intersection of A O with an indeterminate line 
through B. 

The conic (6) passes through the points 0, B, 0, and, since every 
point on the base conic is self corresponding, the points in which y=mx+l in- 
tersects the base conic. 

The line BO whoso equation is bx+cy— 5e=*="0 transforms into 

b z dx i (a+c)+ac 2 y 1 (b+d)+bcd:xy(2a+bh)^b z cdx(a>+c)-abc !l y(b+d)=Q (7). 

The tangent to it at the .origin, bd.e(a + c)+acy (b +d)=Q, passes through the 

intersection (^rj*, 'at-d? ) ° f AD audBa Father, (7) is tangent 

to the base conic (2) at the points B and 0. Thus, the tangent at B to either 
(2) or (7) \sbdx(a-c+bh)+acy(ly+d)-abc{b+d)=0. 

Applying (3), the equation to the curve which transforms into the line 
AD, or dx+ay+ad=*0, isbd 2 .e i (a+c)+a i cy 2 (b+d)+abdxy(2c+dh) 
+abd 2 x(a+c)+a 2 cdy(b+d)=>0, which has the same tangent at the origin as (7). 

The line at infinity transforms by (5) into the conic. fafo 2 -f acy 2 
+bd/ixy—bedx—abcy=0.. . . (8). Since (2) and (8) differ only by the linear ex- 
presss'ion ad{bx+cy— bo), the points of intersection of BO with (2) lie on (8); 
also (2) and (8) are simultaneously ellipses, parabolas, or hyperbolas. The dis- 
criminant of (8), —\ab 2 c 2 d{ab+cd—bdh), shows that hv breaks up into two 
right lines only in trivial case above excluded. 

The conic which transforms into the line at infinity,- sriven by the van- 
ishing of the denominator of (3), is bdx 2 +acy 2 +bdkey-i-abdx+acdy—0 . . . .(9) 
passing through 0, A, D. Subtracting (8) from (9), we find their intersections 
lie on the line bde(a+c) + acy(b+d)—0, which passes through K, the intersection 
of AD and BO. 

Note that the conies (2), (8) and (9) are similar 

Generally, the intersections of the conic which transforms into any 
straight line with the conic into which that straight line transforms- lie two on 
the straight line OK and two on the line itself the latter two being real and! dis- 
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Unci, coincident, or imaginary, according as the line intersects the base conic in 
two real, coincident, or imaginary points. 

The conic which transforms into y=mx+l, given by substituting from 
(3) into ?/i = mxi +1, is bdx s (l+mc)+acy 2 (l~b)+bxy(mac—cd+ldh) 
+abdx(l+m.c)+acdy(l-b)-0 . . . . (10). 

This intersects the conic (6) into which y=mx+l transforms in four 
points, which, if we subtract (6) from (10) and factor, are seen to lie on 
-j acy(b+d)+bdx{a+c) ' r -{ mx—y+l \-=0. 

is one of the two intersections lying on OK. Call the other IP. 
Then the point in which y—mx+l meets <?iTand the point II mutually cor- 
respond. We, thus have an involution marked out on OK. 

We saw above that the points A, D, transform into the lines AC, 
DB, BC respectively. Now we can prove either geometrically or analytically 
that the lines AD, AO, DO transform into the points 0, 0, B respectively. 
Thus the sides and vertices of A ADO transform into the vertices and sides of 
A OBG. With this exception the correspondence between the points in the two 
systems is one to one. The -projective treatment of this transformation and its 
dual will be given elsewhere. 

[For Projective Treatment, see my paper in the Rendiconti del Circolo 
di, Palermo.~\ 



THE RECTIFICATION OF THE CASSINIAN OVAL BY 
MEANS OF ELLIPTIC FUNCTIONS. 



By P. P. MATZ,-So. D., Ph. D., Meohaniosburg, Pennsylvania. 



The Cassinian Oval is the locus of a point the product of whose dis- 
tances from two fixed points is constant. 
Let. P be any point on the curve, 
.Fand F' the foci, the middle point 
of FF', OD=*x, DP=y, OF=c, FP 
=P, and F'P=p'; then, according to the 
definition of the curve, pp'—m z .... (1). 
From the diagram, p=±- i /[(x— c) 2 +y z ] 
and p'=±i/[(aj+c) 2 +y 2 ]; that is, from 
(1) we obtain the equation. 

V \ [(a>-c) 2 +y 8 ] X {{x+cY +y z ] \. -m* .... («). 

.-. (»»+y»+o»)»-4o»a>»«>«»* . . . .(2); and this is the Cartesian equa- 
tion of the Cassinian Oval, the co-ordinate axes being rectangular. 

Put OP=r, and the LPOD=%n-ff); then OD=x=r sin 6, and 
PD=y=r cos 0. From (2), therefore, we have r i +2c z (l— 2 sin 2 G)r'=m i 
~c i ....(b), or r i -h(2c s cos20)r i =?n i —c i ...:(B), which is a convenient 




